Abstract. It is shown that two well-known uniformly fixed point free lipschitzian semigroups of mappings have minimal Lipschitz constant on the positive part of the unit ball of 2 . This implies that a question raised by T. Kuczumow has a negative answer.
Introduction
Let (X, · ) be a Banach space, and let C be a bounded closed convex subset of X. A map T : C → X is k-lipschitzian on C whenever T (x) − T (y) ≤ k x − y for all x, y ∈ C. When k = 1, T is also called nonexpansive.
A mapping T : C → C is uniformly k-lipschitzian whenever each member of the semigroup of mappings {T n : n ∈ N} admits the Lipschitz constant k. Since at least 1973 (for instance in [G-K-T, 1] ) one can find in the literature fixed point results for uniformly k-lipschitzian semigroups of mappings.
In particular, a fixed point free π 2 -uniformly lipschitzian selfmapping of the positive part B + 2 of the closed unit ball B 2 of the classical real Hilbert space 2 is well known. This example is often known as the Baillon mapping (see [T] and [G-K] ).
In a recent paper ( [Kc] T.C. Lim ([Li] ).
He defined the mapping T in the classical space 1 by
It is easy to check that T has the Lipschitz constant 2 on the closed unit ball B 1 of 1 with respect to the standard norm of 1 . Moreover, this value 2 is the minimum for the Lipschitz constant of T on B 1 under equivalent renormings of 1 . This follows from a straightforward application of Theorem 4 in [Ll] .
Nevertheless, Lim showed in [Li] that on B 
These facts show that dramatic reductions of the Lipschitz constant of a mapping T are possible by renormings of the underlying space, mainly when T is restricted to a suitable T -invariant subset of its domain.
In this note we will find lower bounds for the Lipschitz constant k of two uniformly k-lipschitzian selfmappings of B + 2 after equivalent renormings of 2 . One of them gives a negative answer to the above-mentioned question raised by Kuczumow.
A rigid Lipschitz constant
Our main result deals with the Baillon mapping T : B 2 → B 2 given by
where Proof. To obtain a contradiction suppose that there exists an equivalent renorming · of 2 for which T is k uniformly lipschitzian. Let µ := lim sup e n > 0, where (e n ) is the standard Schauder basis of 2 . Without loss of generality we may suppose that µ = 1. Otherwise, we can consider the norm
For all positive integers n, T n (e n0 ) = e n+n0 . Moreover, for each λ ∈ (0, 1),
A simple induction shows that for any positive integer n,
and letting
From this, we finally obtain
Nonexpansive mappings are uniformly 1-lipschitzian. Combining this fact with the above Theorem, we can answer the Kuczumow question in the negative. 
The Goebel-Kirk-Thele mapping
It is quite natural to extend Kuczumow's question to other well-known fixed point free uniformly lipschitzian selfmappings of B + 2 . Perhaps the first example of a Lipschitzian fixed point free mapping ϕ : B 2 → B 2 was given by Kakutani in 1943 (see [K] ) as follows:
Kakutani's construction can be generalized to the family of mappings
for 0 < ε ≤ 1. In fact, K ε maps B + 2 into itself and it has the · 2 -Lipschitz constant
A further development of Kakutani's example is due to K. Goebel, W.A. Kirk and R.L. Thele (see [G-K-T, 2] ). It is the mapping G :
One can easily check that G is uniformly-2-lipschitzian on B. The following result shows that this uniform Lipschitz constant 2 could be smaller after a renorming, but not too much smaller. 
Since G is uniformly k-lipschitzian with respect to the norm · on B + , for any positive integer n,
Letting ε → 0 + we obtain, for any positive integers m and n,
From this, as the sequence (e m+n − e n ) m≥1 converges weakly to −e n , we have
As this inequality holds for any positive integer n, we finally derive that
which yields the conclusion. 
Further remarks
4.1. About the Kakutani mapping. We include here a result about the Kakutani mapping which may be well known, but whose proof is not easily found in the literature. We can see that the iterates of this mapping do not admit a uniform Lipschitz constant on B + 2 . Theorem 4.1. The mapping
2 , letting n → ∞, we obtain 2 = (1 − ) 2 + 2 ⇒ = 1. Bearing this in mind, to obtain a contradiction, we suppose that K 1 is uniformly k-lipschitzian on B + 2 .
Then for any positive integer n and λ ∈ (0, 1),
, where ·, · stands for the inner product in 2 . As K n 1 (e 1 ) = e n+1 , it is straightforward to check that
which yields the inequality
for all λ ∈ (0, 1). Taking limits when λ tends to 1 − we obtain the desired contradiction. 
